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We prove that n pairwise commuting derivations of the polynomial
ring (or the power series ring) in n variables over a field k of charac-
teristic 0 form a commutative basis of derivations if and only if they
are k-linearly independent and have no common Darboux polyno-
mials. This result generalizes a recent result due to Petravchuk and
is an analogue of a well-known fact that a set of pairwise commut-
ing linear operators on a finite dimensional vector space over an
algebraically closed field has a common eigenvector.
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1. Introduction
Throughout this paper, k[X] := k[x1, . . . , xn] is the polynomial ring over a field k of characteristic 0.
A k-linear map D of k[X] is said to be a k-derivation if D(fg) = D(f )g + fD(g) for all f , g ∈ k[X].
Denote by Derkk[X] the set of all k-derivations of k[X]. It is known (see [6,7]) that Derkk[X] is a free
k[X]-modulewith a commutative basis ∂1, . . . , ∂n, where∂i denotes thepartial derivativewith respect
to xi. Commuting derivations are of great importance in affine algebraic geometry. In fact, the famous
Jacobian conjecture for k[X] is equivalent to the assertion that ∂1, . . . , ∂n is, apart from a polynomial
coordinate change, the only commutative k[X]-basis of Derk k[X] (see for instance [10]), and is also
equivalent to the fact that every commutative k[X]-basis of Derk k[X] is locally nilpotent [6]. There is
also a so-called commuting derivations conjecture, which is closely related to the Abhyankar-Sathaye
conjecture and the cancellation problem, see [1,2] for more details.
It is well known that a set of pairwise commuting linear operators on a finite dimensional vector
space over an algebraically closed field has a common eigenvector. In a recent paper [9], Petravchuk
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extended this fact to commuting derivations of polynomial ring in one or two variables. It is shown
that ifD1 andD2 are commuting derivations of k[x, y] that are linearly independent over k, then either
they have a common Darboux polynomial, or they are Jacobian derivations, that is,
D1(g) =
∣∣∣∣∣∣
∂u
∂x
∂u
∂y
∂g
∂x
∂g
∂y
∣∣∣∣∣∣ , D2(g) =
∣∣∣∣∣∣
∂v
∂x
∂v
∂y
∂g
∂x
∂g
∂y
∣∣∣∣∣∣ for all g ∈ k[x, y],
where u and v are such that det J(u, v), the Jacobian determinant of u and v, is a nonzero constant. By a
Darboux polynomial f of a derivationDwemean apolynomial f ∈ k[X]\k such thatD(f ) = λf for some
λ ∈ k[X]. Derivations and Darboux polynomials are useful algebraic methods to study polynomial or
rational differential systems [5], and it is of great interest to knowwhether Darboux polynomials exist
for any derivation of k[X], see for instance [3,4,8].
In this paperwe extend Petravchuk’s result to commuting derivations of the polynomial ring k[X] in
n variables. It is proved that if D1, . . . ,Dn are pairwise commuting derivations of k[X] that are linearly
independent over k, then one and only one of the following two statements is true:
(1) D1, . . . ,Dn have a common Darboux polynomial.
(2) There exist F1, . . . , Fn ∈ k[X] with det J(F1, . . . , Fn) ∈ k∗ such that Di = ∂Fi , i = 1, 2, . . . , n.
Consequently, D1, . . . ,Dn form a commutative basis of Derkk[x1, . . . , xn] if and only if D1, . . . ,Dn
have no common Darboux polynomials.
Our arguments and proofs run parallel to the power series ring, and so the same conclusion holds
for the power series ring.
2. Main results
Let k(X) := k(x1, . . . , xn) be the field of rational functions over k. Denote by Derkk(X) the set of
k-derivations of k(X). Then Derkk(X) is a k(X)-space with a commutative basis ∂1, . . . , ∂n [7]. Since
every derivation of k[X] can be uniquely extended as one of k(X), we can view Derkk[X] as a subset of
Derkk(X).
Lemma 2.1. Let D1, . . . ,Dm be pairwise commuting derivations of k[X] that are k(X)-linearly dependent.
Then there exist polynomials f1, . . . , fm ∈ k[X]withgcd(f1, . . . , fm) = 1 such that f1D1+· · ·+fmDm = 0
and Di(fj) = hifj for some hi ∈ k[X].
Proof. Assume that Di = pi1∂n + · · · + pin∂n, where pij ∈ k[X], i = 1, 2, . . . ,m.
Without loss of generality, suppose that D1, . . . ,Dr form a basis of the subspace of Derkk(X)
spanned by D1, . . . ,Dm over k(X). Then r < n. Set
A =
⎛
⎜⎜⎜⎜⎜⎜⎝
p11 p21 . . . pr+1,1
p12 p22 . . . pr+1,2
...
...
...
p1,n p2,n . . . pr+1,n
⎞
⎟⎟⎟⎟⎟⎟⎠
.
Then the rank of A is r. There exist polynomials f1, . . . , fr, fr+1 ∈ k[X]with fr+1 = 0 and gcd(f1, . . . ,
fr, fr+1) = 1 such that
f1D1 + · · · + frDr + fr+1Dr+1 = 0.
Since D1, . . . ,Dm are pairwise commuting, we have
0 = Di ◦ (f1D1 + · · · + fr+1Dr+1)
= Di(f1)D1 + · · · + Di(fr+1)Dr+1 + (f1D1 + · · · + fr+1Dr+1) ◦ Di
= Di(f1)D1 + · · · + Di(fr+1)Dr+1.
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Thus,
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
f1D1 + · · · + frDr + fr+1Dr+1 = 0,
D1(f1)D1 + · · · + D1(fr+1)Dr+1 = 0,
...
...
Dm(f1)D1 + · · · + Dm(fr+1)Dr+1 = 0.
(2.1)
It follows from (2.1) that (f1, . . . , fr+1) and (Di(f1), . . . ,Di(fr+1)), i = 1, . . . ,m, are solutions of
the system of linear equations AX = 0. Since the rank of A is r, the solution space of AX = 0 is a
1-dimensional subspace over k(X). Hence,
⎛
⎜⎜⎜⎜⎝
Di(f1)
...
Di(fr+1)
⎞
⎟⎟⎟⎟⎠
= hi
⎛
⎜⎜⎜⎜⎝
f1
...
fr+1
⎞
⎟⎟⎟⎟⎠
, i = 1, . . . ,m,
where hi ∈ k(X). Assume that hi = μiλi , where λi and μi are coprime polynomials in k[X]. Then
λiDi(f1) = μif1, . . . , λiDi(fr+1) = μifr+1, i = 1, . . . ,m.
Since gcd(λi, μi) = 1, we have λi|fj, j = 1, . . . , r + 1. Then it follows from gcd(f1, . . . , fr+1) = 1
that λi ∈ k. Thus hi ∈ k[X]. 
Let D = p1∂n + · · · + pn∂n be a derivation of k[X]. Then the polynomial divD := ∂p1∂x1 + · · · + ∂pn∂xn
is called the divergence of D.
Lemma 2.2. Let
D1 = p11∂1 + · · · + p1n∂n, . . . ,Dn = pn1∂1 + · · · + pnn∂n (2.2)
be pairwise commuting derivations of k[X]. Write
 :=
∣∣∣∣∣∣∣∣∣∣∣∣∣
p11 p12 . . . p1n
p21 p22 . . . p2n
...
...
...
pn1 pn2 . . . pnn
∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.3)
Then Di() = divDi ·  for i = 1, 2, . . . , n.
Proof. SinceD1, . . . ,Dn arepairwisecommutingderivations,DiDj(xk) = DjDi(xk) fork = 1, 2, . . . , n,
whence Di(pjk) = Dj(pik). Thus
D1() =
n∑
i=1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
p11 p12 . . . p1n
...
...
...
D1(pi1) D1(pi2) . . . D1(pin)
...
...
...
pn1 pn2 . . . pnn
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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=
n∑
i=1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
p11 p12 . . . p1n
...
...
...
Di(p11) Di(p12) . . . Di(p1n)
...
...
...
pn1 pn2 . . . pnn
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
n∑
i=1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
p11 p12 . . . p1n
...
...
...
∑n
j=1 pij
∂p11
∂xj
∑n
j=1 pij
∂p12
∂xj
. . .
∑n
j=1 pij
∂p1n
∂xj
...
...
...
pn1 pn2 . . . pnn
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
n∑
i,j=1
∂p1i
∂xj
·
∣∣∣∣∣∣∣∣∣∣∣∣
p11 . . . p1,i−1 p1j p1,i+1 . . . p1n
p21 . . . p2,i−1 p2j p2,i+1 . . . p2n
...
...
...
...
...
pn1 . . . pn,i−1 pnj pn,i+1 . . . pnn
∣∣∣∣∣∣∣∣∣∣∣∣
=
⎛
⎝
n∑
i=1
∂p1i
∂xi
⎞
⎠ ·
∣∣∣∣∣∣∣∣∣
p11 . . . p1n
...
...
pn1 . . . pnn
∣∣∣∣∣∣∣∣∣
= divD1 · .
The remainder can be obtained in the same way. 
Let F = (F1, . . . , Fn) ∈ k[X]n with det JF ∈ k∗. Recall that the n-tuple of derivations ∂F1 , . . . , ∂Fn
[10, Section 2.2], associated with F , are defined by
⎛
⎜⎜⎜⎜⎝
∂F1
...
∂Fn
⎞
⎟⎟⎟⎟⎠
= ((JF)−1)t
⎛
⎜⎜⎜⎜⎝
∂1
...
∂n
⎞
⎟⎟⎟⎟⎠
. (2.4)
By [10, Lemma 2.2.3], ∂F1 , . . . , ∂Fn form a commutative k[X]-basis of Derkk[X].
Lemma 2.3. The derivations ∂F1 , . . . , ∂Fn have no common Darboux polynomials.
Proof. Since ∂F1 , . . . , ∂Fn form a commutative k[X]-basis of Derkk[X], the derivations ∂1, . . . , ∂n can
be represented in the form
∂1 = α11∂F1 + · · · + α1n∂Fn , . . . , ∂n = αn1∂F1 + · · · + αnn∂Fn ,
for some αij ∈ k[X]. If G ∈ k[X] \ k is a common Darboux polynomial of ∂F1 , . . . , ∂Fn , then it is also a
common Darboux polynomial of ∂1, . . . , ∂n, that is,
∂G
∂x1
= λ1G, . . . , ∂G
∂xn
= λnG for some λ1, . . . , λn ∈ k[X],
which is impossible since at least one of ∂G
∂x1
, . . . , ∂G
∂xn
is nonzero. 
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We are now in a position to prove our main result.
Theorem 2.4. Let D1, . . . ,Dn be pairwise commuting derivations of k[X] that are linearly independent
over k. Then one and only one of the following two statements is true:
(1) D1, . . . ,Dn have a common Darboux polynomial.
(2) There exist F1, . . . , Fn ∈ k[X] with det J(F1, . . . , Fn) ∈ k∗ such that Di = ∂Fi , i = 1, 2, . . . , n.
Proof. Write D1, . . . ,Dn in the form (2.2) and define  as in (2.3).
Case 1:  /∈ k. By Lemma 2.2,  is a common Darboux polynomial of D1, . . . ,Dn.
Case 2:  = 0. The rows of  are linearly dependent over k(X) and hence D1, . . . ,Dn are linearly
dependent over k(X). By Lemma 2.1 there exist f1, . . . , fn ∈ k[X] with gcd(f1, . . . , fn) = 1 such that
f1D1 +· · ·+ fnDn = 0 andDi(fj) = hifj for some hi ∈ k[X], i = 1, . . . , n. SinceD1, . . . ,Dn are linearly
independent over k, at least one of f1, . . . , fn is not a constant, say fi. Then fi is a common Darboux
polynomial of D1, . . . ,Dn.
Case 3:  ∈ k∗. It follows from [6, Proposition 1] that D1, . . . ,Dn form a commutative k[X]-basis
of Derkk[X]. Then by [6, Theorem 2] or [10, Proposition 2.2.4] there exist F1, . . . , Fn ∈ k[X] with
det J(F1, . . . , Fn) ∈ k∗ such that Di = ∂Fi , i = 1, . . . , n.
Since (1) and (2) in the theorem are mutually exclusive by Lemma 2.3, the conclusion follows. 
Actually, Theorem 2.4 reveals some relation between commutative k[X]-bases of Derkk[X] and
Darboux polynomials.
Corollary 2.5. Let D1, . . . ,Dn be pairwise commuting derivations of k[X]. Then D1, . . . ,Dn form a com-
mutative k[X]-basis of Derkk[X] if and only if D1, . . . ,Dn are linearly independent over k and have no
common Darboux polynomials.
Remark 2.6. Although in this paper we deal with pairwise commuting derivations of the polynomial
ring k[X], in the same manner we can see that Theorem 2.4 is true for the power series ring k[[X]].
This is because the structure of Derkk[[X]] is similar to Derkk[X], and hence the facts used in the proof
of Theorem 2.4 are also valid in k[[X]].
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